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Abstract. We study the existence of the limits of solutions to the semilinear plate
equation with boundary Dirichlet condition with a small parameter coefficient of the
second order derivative in time. We establish the convergence of solutions to the
perturbed problem and their derivatives in spacial variables to the corresponding
solutions to the unperturbed problem as the small parameter tends to zero.
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1 Introduction

Let Q C R™ be an open and bounded set with the smooth boundary 0€2. Consider
the following initial boundary value problem for the plate equation:

cug(x,t) +ug(w,t) + A%u(z,t) + B(u(t)) = f(z,t), (z,t) € Qx (0,7T),

u|t:0 = ug(z), ut|t:0 =uy(x), =€Q, P.)
,pg = ae| =0, t>0,
€N OV lweon

where 7 is the outer normal vector to 0f2 and ¢ is a small positive parameter.

We study the behaviour of the solutions to the problem (P:) as ¢ — 0. It is
natural to expect that the solutions to the problem (FP.) tend to the corresponding
solutions to the following unperturbed problem:

v(m,t) + A%v(z,t) + B(v(t)) = f(z,t), (z,t) € 2x (0,T),

|,y = uo@(x), x €, ()
V|, = oo =0, t>0,
T€ Jplzean

as e — 0.
We investigate two cases: the first case when the operator B is Lipschitzian and
the second case when the operator B is monotone.
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LIMITS OF SOLUTIONS ... 7

The main results are contained in Theorems 8 and 9. Under some conditions on
ug, w1 and f we prove that

u—wv in C([0,T); L*(Q)) N L>(0,T; H*(R)), as e — 0. (1)

This means that the perturbation (F:) of the system (Fp) is regular in the indicated
norms. At the same time, we prove that

u —v —ae = 0in C([0,T); L*(Q)) N L=(0,T; H(Q)), o #0, as € — 0. (2)

It means that the derivatives of the solutions to the problem (P.) do not converge
to the derivatives of the corresponding solutions to the problem (Fp), as ¢ — 0.
The relation (2) shows that the derivative «’ has a singular behaviour, as ¢ — 0, in
the neighborhood of ¢ = 0. This singular behaviour is determined by the function
ae /¢, which is the boundary layer function and the neighborhood of t = 0 is the
boundary layer for u'.

The proofs of the relations (1) and (2) are based on two key points. The first
one is the relationship between the solutions to the problem (Fy) and (FP:) in the
linear case (see Lemma 3 and Theorem 7). The second key point is the a priori
estimates of the solutions to the problem (P.), which are uniform relative to the
small parameter ¢ (see Lemmas 1 and 2).

The singularly perturbed nonlinear problems of hyperbolic-parabolic type were
studied by many authors. Without pretending to a complete list of the papers in
this area, we mention the works [4-11] containing a wide list of references.

In what follows, we use some notations. For m € [1,00) denote by

L(Q) = {f 200 — C; /Q F(2)|™ dz < o0},

the Banach space, endowed with the norm

1llmey = ( [ 1@ dz) "

and for m = oo denote by
L>(Q) ={f:a.e.Q — C;ess supq |f(x)| < oo}
the Banach space, endowed with the norm

|1l oo () = ess supg | f ()]

By L2.(€2) denote the space of integrable functions on each compact K CC .
Denote by W5™(Q) the Banach space of all elements of L™(Q) whose derivatives
0%u in the sense of distributions up to the order [ belong to L™(€2). The norm in
Wh™(Q) is defined as

/m
lallweniey = ([ 3 foum o)™,

Q lao<i
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By W5 (Q) denote the local Sobolev space, i.e. a function u € W/:™(Q) if

loc loc

u E WH™(K) for every compact K CC €.
For k € N we denote by H*(Q) (H°(Q) := L?(Q)) the usual real Hilbert spaces
equipped with the following scalar product and norm:

1/
(57) e /28“ D v()dz, Nl = ([ 3 oru)ar) "

o <k o lal<k

Denote by HE(S2) the closure of C§°(9) in the norm of the space H*(Q2). By
H=F(Q) denote the dual space of H}(Q), i.e. H *(Q) = (HE(Q)).

Denote by V the space V = {u € H*(Q);u|sq = &—Qf|3g = 0}, endowed with the
v

norm of the space H?(2), and by V' the dual space of the space V. We will write
(+,+) to denote the pairing between V' and V. Also denote by

(u,v)Z/U(ﬂf)v(fC)dﬂc, ul = [[ullL2 (@), [lull = [lullg2(@)-
Q

Let X be a Banach space. For k € N, p € [1,00) and (a,b) C (—o00,+00)
we denote by W*P(a,b; X) the usual Sobolev space of the vectorial distributions
WhP(a,b;X) = {f € D'(a,b,X); f¥ € LP(a,b;X),l = 0,1,...,k} equipped with

the norm
1 llweaasx) = (Zuflumbx)

For each k € N, WW"*(a,b; X) is the Banach space equipped with the norm

— ®
[ koo apix) = Iglagiﬂf I 220 (a,b5x) -

For s € R, k € N and p € [1, 00| we also denote by
WEP(a,bs H) = {f : (a,b) — H; fO(-)e*" € LP(a,b;X),1 = 0,... Kk}

the Banach space, endowed with norms ||f|[;».»(a, b; X) = ‘|f€StHWk,p(a7b;X).

2 Solvability of the problems (F.) and (F)

The framework of our investigations will be determined by the following condi-
tions:

(B1)  The operator B : D(B) C L*(Q) — L2() verifies the condition:
V' C D(D) and there exists a constant L > 0 such that

|B(u1) — B(ug)| < L|jur — uo||g2(), VYur, uz € V;

(B2) The operator B possesses the Fréchet derivative B' in V', so that there
exist some constants Ly > 0 and Ly > 0 such that

|(B'(u1) — B'(ug)) v| < Ly [Jur — wall g2y vl g2i),  Yu, ug, v €V,
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|B'(u)v| < Lolv|, YueV, Vve L*();

(B3) The operator B : D(B) C L?(Q) — L2(Q) is H?(Q) local lipschitzian, i.e.
V C D(B) and for every R > 0 there exists L(R) > 0 such that

|B(u1) — B(ug)| < L(R) [[ur — ug|lp2(0),  Vui €V, |luillpz) < R, i=1,2,

and B s Fréchet derivative of some conver and positive functional B with
V. c D(B).
The hypothesis that operator B is Fréchet derivative of some convex and positive
functional implies, in particular, that the operator B is monotone and verifies the
condition

d
—Bu() = (B(u(®), /(1)) te€ o] CR,
for u € C([a,b], V) N C([a,b], L?(Q)) (see [13]).

(B4) The operator B possesses the Fréchet derivative B' in 'V and for every
R > 0 there exists a constant L1(R) > 0 such that

|(B’(u1) — B/(’LLQ))U| S Ll(R) H’LL1 — ’LLQHHz(Q) HUHHQ(Q), Vul, ug2, v S V,

Firstly we remind the definitions of solutions to the problems (P:) and (FPp) and
the existence theorems for solutions to the considered problems.

Definition 1. Let T > 0, f € L*(0,T;V') and B : D(B) C L?(Q) — V'. A
function uw € L*(0,T;V ( D(B)) with v’ € L*(0,T; L*(Q)) and u" € L*(0,T : V') is
called solution to the problem (P.) if u satisfies the equality

eu”(t),n) + (u'(t),n) + (Au(t), An) + (B(u(t)),n) = (f(t),n),
VneV, ae tel0,T], (3)
u(0) = ug, u'(0) = uy.

Definition 2. Let T > 0, f € L*(0,T;V’) and B : D(B) C L*Q) — V.
A function v € L?(0,T;V N D(B)) with v' € L*(0,T; V") is called solution to the
problem (Py) if v satisfies the equality

{(’L/(t),m + (Av(t),An) + (B(’U(t)),n) = (f(t),n),Vn eV, ae.tel0,T], (1)

UO): 0-

Remark 1. For u € L?(0,T;V),u’ € L*(0,T;L*(Q)), and u" € L*(0,T;V")
it follows that u € C([0,T]; L*(Q)) and v’ € C([0,T); V). Consequently, the initial
conditions from (3) are understood in the following sense:

u(t) —uol = 0, [[u/(t) —wi|ly» — 0, as t — 0.
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Similarly, forv € L?(0,T;V) withv' € L*(0,T : V'), it follows that v € C([0,T]; V),
consequently, the initial conditions from (4) are understood in the following sense
|v(t) —ug] — 0 as t — 0.

Using the methods developed in [2] and [3], in [8] the following theorems are
proved.

Theorem 1. Let T > 0. Suppose that condition (B1) is fulfilled.
If ug € HQ)NV,uy € V, and f € WHY0,T;L%(Q)) then there ea-
its a unique solution to the problem (P.) such that uw € W2°(0,T;L*(Q)),
Awe WHe(0,T;L*(Q)), A%u e L>®(0,T;L*()).

The function t € [0,T) ~— /(t) € L*(Q) is derivable to the right and the
equalitiy

dtu

dt
is true. The function t € [0,T] — A2u(t) is weakly continuous in L*()) and the
equality

(t) = f(to) — A%u(t) — B(u(t)) —u'(t), t€0,T),

%(A%(zﬁ),u(t)) =2 (A%(t),d (1), te0,T),

18 true.

If, in addition, u; € H*Q) NV, f0) — Blug) — A%ug — w3 € V,
f € W240,T;L?(Q)) and condition (B2) is fulfilled, then u € W3°°(0,T; L?(Q))
and Au € W2(0,T; L3(Q)).

Theorem 2. Let T > 0. Suppose that condition (B3) is fulfilled.
Ifup € H(Q)NV,uy € V and f € WH(0,T; L*(2), then there exists a unique
solution to the problem (P.) such that u € C2([0,T]; L*(Q)), v € C([0,T);V),
A2y € C([0,T]; L*(Q)).

If, in addition, u; € H*Q) NV, f0) — Blug) — A%ug — w3 € V,
f e W20, T; L*(Q)) and condition (B4) is fulfilled, then u € W3°°(0,T; L*()),
Au € W22(0,T; L?(52)).

Theorem 3. Let T > 0. Suppose that condition (B1) is fulfilled.
Ifug € H*(Q)NV and f € WH(0,T; L%(Q)), then there exits a unique solution to
the problem (Py). The function t € [0,T) — v(t) € L2(Y) is derivable to the right,
verifies the equality

dtv

——(6) + A%(t) + B(u(t) = f(t), te[0,T),

and the estimates
o) lleo.g:.2@)) + V20,6 + 110 L 0.452(02)) + 11V 120,67y <

< C My(t)e't, vt € [0, T,

are true with C' and v depending on L, n, ), and

Mo(t) = |uo| + |B(uo)| + |A%uo| + || fllwr2(0.1.220)-
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Remark 2. In the conditions of Theorem 3, v € C([0,T];L*(Q)),
v’ € L>®(0,T; L?(2)), the term (v'(t),n) in (4) can be expressed in the form (v'(t),n).

Theorem 4. Let T > 0. Suppose that condition (B3) is fulfilled. If
ug € HX(Q) NV and f € WHH0,T; L3()), then there exists a unique solution
to the problem (Py) such that v € C1([0,T); L*(2)) N C([0,T); V) and the following

estimates
HUHCI([O,t};LQ(Q)) + HUHC([O,t};V) + HUIHLQ(O,t;V) < Cﬁl(t)7 vt € [O,T],

hold, where M (t) = luo| + [A2ug| + [ f w10, 4 5y + [ B(O)[ ¢

3 A priori estimates for the solutions to the problem (P.)

In this section we prove some a priori estimates for the solutions to the problem
(P:), which are uniform relative to the small values of the parameter ¢.

Firstly we remind the following theorems.

Theorem 5. [14] Let Q@ C R™ be an open and bounded set with the compact
boundary of class C%. If u, Au € L?*(), then u € H?(Q2) and there exists a constant
Co(n, Q) such that

[ull g2y < Co (I|Aul| 20y + [ullr2(0))- (5)

Theorem 6. [1] Let Q@ C R™ be an open and bounded set. For n > ml if

" and forn=ml, Vq, the following inequality
n—ml

q=

l[ullLa@) < Clg,m,n, Q) [[ullim@y, Yué€ Wwhm(Q)

18 true.
For n < ml we have

max [u(z)| < C(q,m,n, Q) [Jullyimy, YueWH™Q),
z€Q

In what follows, denote by u(t) = u(t,-), v/ (t) = w(t,-).

Lemma 1. Let ug € H*(Q)NV, u; € V, f € WH2(0,00; L?(Q)) and condition
(B1) s fulfilled. Then there exist some positive constants C = C(n,Q,L) and
~v(n,Q, L) such that for every solution u to the problem (P:) the following estimates

ulloro,;22@)) + AU [wee0,522(0)) + ullw22(0,42200) <

1
oM, t20, =e (0,5, (6)

hold, where
M(t) = |A%uo| + [ur| + |B(uo)| + || fllwr20,602()- (7)
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If, in addition, condition (B2) is fulfilled and wg, ui, « € H* NV,
f € W22(0,00; L2(R2)), then there exist some positive constants v = y(n,Q, L, Lo, L1),
C =C(n,Q, L, Ly, Ly) such that for the function z, defined by

2(t) =u/(t) +ae™e, = f(0) —ur — A%ug — Blup), (8)
the following estimates

[2]lwiee (0,6:02(02)) + 2l lwree 0,61 + 12llw22(0,60200)) <

<CMt), t>0, ce (0, %} (9)
are true with
Moft) = [ A% + [ A% + %] + [[llyso sy + MHO ST (10)

If B=0, then v=0 in (6) and in (9).

Proof.  Proof of the estimate (6). In what follows let us agree to de-
note all constants depending on n, Q, L, Ly and L; by the same constant C.
Due to Theorem 1 we have that u € W2°°(0,¢; L*(Q)), Au € Wh*(0,¢; L*(Q)),
A2y € L>(0,t; L3(Q)) for every ¢ > 0.

Let us denote by

E(ust) = e|u/(t)]* + |u@®)]® + 2 (u(t), v/ (t)) + |Au®) >+

t

—|-2(1—E)/|u'(5)\2d8—|—2/\Au(5)\2d5, t>0. (11)
0 0

The direct computations show that for every solution to the problem (P:) the fol-
lowing equality

@Bt =2 (1) - B u(t) +4/ (1)), ae teo),  (12)

is fulfilled. According to the condition (B1) and (5), we have
[B(u)| < [B(0)| + L|[u(®)]] < |B(0)| + L Co (Ju(t)| + [Au(t)])

and
u(t)? + [Au(t)? <
<2[e [/ (8)* + |u(t)* + 2¢e(u(t),u'(t)] + |Au(t)]? < 2E(ust), € (0, %}
Then, we get

|(76) = B, u(t) + @' @)| < (1@ + 1BO) + LI liy) ()] + 1/ 0)]) <
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FO+ BO)| +2VELCy BV (i )| (V2 EV2(w31) + |/ ()]) <

1—¢
<

<5 W @F+

< S WP + o [14 822 GF) B(wst) + C (1) + [BO))? <

%5 [2B(ust) + (7)) + |BO)| +2V2 L Cy B (u t)ﬂ <

<y E(ust) + C(If ()] +BO))*+

> —
/\ s)|?ds, t>0, ce¢ (0,2], (13)

where v = 8 (1 + 8 L2 C2).
Therefore, from (12) it follows that

% E(u;t) — (1 —¢) / [/ (5)]? ds} <
0

<y E(uit) + C(If(0)] + [BOD?, t20, ee(0,5]: (14)
As

¢
E(u;t) < 2Ep(u;t), where FEy(u;t) = E(u;t)—(1—¢) / lu'(s)|?ds,  (15)
0

then from (14) we obtain

d

et mo] <cUrol+BOP e, 20, 2 (03],

2
Integrating this inequality, we get

1
Eo(u;t) < Eo(u;0)e?'! +C /(\f(s)| +]B(0)))2 27" ds, t>0, ee€ (o, 5].

From the last inequality it follows that
lu(t)| + [Au(t)] + [|u]] 120 :220)) + AUl 20,4 02(0)) <

<OM@®)!, t>0, cc (0, %} (16)

To prove the estimate (6) let us denote by uy(t) = h=1(u(t + h) — u(t)), h > 0.
For every solution to the problem (P:) the equality

& Bunst) = 2 (Eu(t). uh (1) +un(), e 1€ [0,00) (17)
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is true, where
Fu(t) = fu(t) = b~ (Bu)(t + h) + (Bu)(t)). (18)

Due to the condition (5), proceeding as in the proof of the estimate (13), we get
|(Fu(®),ut, () + un(®) | < (lun @)+ b)) (O] + L llun (@) l1r2(0)) <
< (lun®)] + g (0)) (1] + L Co (jun(®)] + |Aun(®)]) ) <

t

l1—e¢d 1

<y Blunst) + CLROP + £/|u§l(s)\2ds, 120, z< (03] (9
0

Consequently,
—|:€ 2 tEo(uh’t)] <C“h(t)‘2€ 2yt t>0 €c (0 —:|.
lt ) — ) - b 72

Integrating the last equality on (0,t), we get

t
1
Eo(uh;t)gEo(uh;O)eZW+C/\fh(s)|2627(tS)ds, t>0, 56(0,5]. (20)
0

Since for 1 < p < 00,k € N and u € WHP(0,T; H*(Q2)) the inequality

t t
| Ol yir < [ 0@ gy € 0.00), (21)

is true (see [2]), then

/ Fu(s) P ds < / F(s)2ds, te0,00). (22)
0 0

As u'(0) = uy, eu”(0) = £(0) — ug — A?ug — B(ug), then
Eo(u',0) < C M(t). (23)

Using the estimates (22), (23) and passing to the limit in the inequality (20) as
h — 0 we obtain the estimate

' ()] + 1A' ()] + v L2 0,020 + 1AW ]| 120,422 (0)) <

<OM@®)!, t>0, cc (0, %} (24)

Finally, from (16) and (24) the inequality (6) follows.
It is easy to see from the proof, that in the case of B =0, v = 0.
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Proof of the estimate (9). Under the conditions of the Lemma, if u is a solution
1
to the problem (F;), then (B(u)), € WL0,t L?(Q)) for every t > 0 and ¢ € (0, 5}
Indeed, due to the conditions (B2) and (5), we have

|(Bu(®))'| = |B'(wt)' ()] < Lol (1)], >0, (25)
and for uy(t) = b~ (u(t + h) — u(t)), h > 0 and t > 0, the estimate
(h—l ((B’(u(t))) u'(t))h( <
< ‘hfl (B'(u(t + 1) = B'(u() ) /(¢ + h)( + (B’(u(t)) (1) <

< L G (|aun(®)] + [un(®)] ) (180 @+ B)| + 1 (L4 D)) + Lo (1), 20, (26)

is valid.
Using the estimate (6) and inequality (21), from (25) and (26) we deduce that
(B(u)) € WhH(0,; L*(Q)) and

(B @)

<
L2(0,T5L%(Q))

S C M(t) e’Yt (HAUIHLQ(O,t;LQ(Q)) —|— HU/HL2(0,t;L2(Q))> + LO Hu//HL2(O7t;L2(Q))7

1
< CM?*(t)e*7t, t>0, EE(O,ﬂ.

1
Therefore, (B(u))/ € WH 0,4 L%(Q)) for ¢ € (0, 5] and every t > 0.

If uy +a € HY(Q) NV and f € W2(0,t; L?(Q2)), then, in virtue of Theorem 1,
the function z, defined by (8), is the solution in L?(2) to the problem

e2"(t) + 2'(t) + A%z(t) = F(t,e), a. e t>0,
{ 2(0) =u +a, 2Z(0)=0, (27)
with ,
Flt,e) = f(t) — (B (u(t))) +emtE A2 (28)

and z possesses the properties:
2 € W22(0,T; LA(Q)), Az e WH®(0,T;L*(Q)), A%z € L™(0,T; L*()).

Furthermore

1
IF(t)lizonrzay < CUI lw2aourzay + M2 ), 120, =€ (0,5].
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In the same way, as the estimate (16) was obtained in the case B = 0, we get
the estimate

IN

(O] + 1Az()] + |12 L2 0402(0)) + A2 20,6220

1
<COM(t), t>0, cc (o, 5}. (29)

Also, similarly as the estimate (24) was proved in the case B = 0, we prove the
estimate
') + 122" @) + 112" r2(0,602(0)) + 122 120,622(0)) <

<CMy(t), t>0, ec (0, %} (30)

Finally, from (29) and (30) the inequality (9) follows. Lemma 1 is proved.

Lemma 2. Suppose the condition (B3) is fulfilled. If ug € H*(Q) NV,
up €V and f € WH2(0,00; L3(2)), then for every solution u to the problem (P:)
the following estimates

lullon o, 120 + 1Aullo o, g:z2@)) + (1A | 20 412y + 1B <
<c y(m) ¢ 1
<Cm) M) ™t >0, ce (0,5}. (31)
are true, where
M) = |A%0] + [Aut] + (][ preamy + 1B) |2 (32

and

m = |Aug| + [u1| + |B(ug)|*/* + [ £1] 22 0,00:L2(02))-
If, in addition, condition (B4) is fulfilled and ug,u;, a0 € H*(Q) NV and
f € W22(0,00; L?(Q)), then for the function z, defined by (8), the estimates

1A%, 422009 + 112 lleqo, 22y + 182 ]] 20,4 2y <

1
<CMy(t) ™t >0, ce (o, 5]. (33)

are true, where C = C'(m, ||B’'(0]|) and
My(t) = ME () 70+ || fllwez (020 + 1A%, (34)
Proof.  Proof of the estimate (31). Due to Theorem 2 we have that

u € C*([0,T); L3(2)), u' € CL([0,t]; V), A%u € C([0,t]; L3(£2)) for every ¢ > 0.
Denote by

t
Ey(u;t) = e|u'(t))* + |Au(t)]* + 2 / [ (s)|*ds 4 2 B(u(t)).
0
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Then for every solution u to the problem (FP.), we have

%El(u;t) =2(F(0).(1), 0.

Integrating this inequality, we obtain

¢ ¢ t
Eq(ust) < Eqp(u;0) 4 2 / If(s)| v/ (s)]ds < / |£(s)]* ds —l—/ W' (s)|*ds, t>0.
0 0 0
Therefore, we get the estimate

1/2
Al oo 200y + 101|220, 22()) + (B(“(t))> =

< C (B (u,0) + || fll20ssz2(oy) + 1Buo)[V2),  £>0, =€ (0,1].

As lullr2) < C(n, Q) [|Au||p2(q) for u € V, then from the last inequality the
estimate

1/2
ullogo.gr2y) T 1A% o022y + 1 N2 0200 + (B(u(t))) <

<Cm, t>0, c€(0,1), (35)
follows.

Let up(t) = A=t (u(t + h) — u(t)), h > 0,t > 0 and the functional E(u,t) is
defined by (11). For every solution u to the problem (P.) the equality (17) is true
with F},(t) defined by (18).

Due to (5), conditions (B3) and the estimate (35), proceeding as in the proof of
the estimate (19), we obtain

[(Bn®), b0+ un(®) | < (fun(®)] + [h O]) (O] + L) [un (D] 172(0) <

< (jun(®)] + [, 0)1) (10 + L0m) (fn(0)] + | Aun () ) <

t
1—¢e¢d

1
e / 2 > ( _:|‘
5 dt/\uh(s)| ds, t>0, e¢ 0,2
0

< ~(m) E(up;t) + C(m) |fh(75)|2 +

Consequently, for Ey(u;t), defined by (15), we have

d

1
= (720 By(wyit)] < Cm) (@), £20, e (0,5].

2
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Integrating the last equality on (0,t), we get

t

1
Eo(un;t) < Eo(up; 0)e*Y™ 4+C(m) / Fals) 2V ds, 1>0, ce(0,5).
0

In what follows, proceeding as in the proof of the estimate (24), we get the
estimate

1’|l eqo,.9:2 ) + 1A leqo,:02(0)) + AU 220,422 (0)) <
1
< Cm) Myt ™, >0, se (03], (36)

with M (t) from (32). Finally, from (35) and (36) the inequality (31) follows.

Proof of the estimate (33).  Under the conditions of Lemma we have
(B(u))/ c Whl(0,t; L?(Q)) for every t > 0. Indeed, due to Thorem 2,
u € W3(0,t; L3(Q)) and Au € W2>(0,t; L*(Q)) for every t > 0. Therefore,
using the condition (B4) and the estimate (31), we deduce

(Bu(®)'| = | B (u(t) o' ®)] < C(Lx(m) + |B'O)]]) [[6/()ll 2y, ¢ > 0.

For h >0, t > 0 and u(t) = h~" (u(t + h) — u(t)) we have

< ‘h* (B'(u(t + 1)) = B (u(t)) ) w'(¢ + h)( + (B'(u(t)) u;(t)\ <
< Ly (m) My () €™ |[up, (1) || 20 + C (L1(m) + [|B(0)]]) [Juh 2 () <
< € (L1(m) My () ™ [IB'O) (Jun(8) Loy + i llsgen), > 0. (3)

/
In virtue of (22), (31) and (37), we conclude that ((B’(u))) € WL2(0,t; L3(Q)) for
every t > 0 and

(B @)

1
< C(m, ||B'0])) M2(t) ™ >0, ece (o, 5}. (38)

<
L2(0,6L2(Q)

From (38) it follows that the function F, which is defined by (28), belongs to
W(0,t; L2(2)), for every t > 0, and

1
1t 20220 < Clm, B0 Ma(t) ™1, 220, ce(0,5].  (39)
According to Theorem 2, for every ¢ > 0, the function z possesses the following
properties: z € W2>(0,¢; L2(Q)), Az € W1°(0,t; L3(Q)), A%z € L*(0,t; L?(Q2)).
The estimate (33) is obtained in the same way as the estimate (9) was obtained,
using (31) and (39). Lemma 2 is proved.
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4 Relationship between solutions to the problems (P.) and (/%) in
the linear case

In this section we establish the relationship between solutions to the problems
(P:) and (FPp) in the linear case, i.e. in the case when the term B(u) in the problems
(P:) and (FPp) is missing. This relationship was inspired by the work [12]. Firstly
we give some properties of the kernel K (¢, 7,¢) of the transformation which realizes
this connection.

For £ > 0 denote by

K(t77—7 E) = (Kl(t77—7€) + 3K2(t77—7€) - 2K3(t77—7€))7

1
2\me

where

3t—27} (Qt—T 3t+67'} <2t+7-)’

Ki(t, 7€) = exp ). Ka(t.re) = e {

4e 2+/et 4e 2vet
(e}
T t+7 _
Kg(t,T,s):exp{g})\(Q\/a>, )\(s):/e ” dn.

S

The properties of the kernel K (¢, 7,¢) are collected in the following lemma.
Lemma 3 [9] The function K(t,T,¢) is the solution to the problem

Ki(t,r,e) = eKr(t,1,6) — K, (t,1,¢), Vt>0, Vr>0,
e K:(t,0,e) — K(t,0,e) =0, Vt>0

1 T
K ;1,8 = 5~ {_ _}7 > )
(0,7,¢ 55 XP 5 V>0
from C([0, 00) x [0,00))NC%((0,00) x (0,00)) and possesses the following properties:

(i) K(t,7,e) >0, Vt>0, Vr>0, and / K(t,r,e)dr =1, Vt>0;
0

[ee)
(ii) Let ¢ € ]0,1]. Then/ K(t,T,¢) |t—T\da§C(E—|—\/E_t)q, Ve > 0, Vt > 0;
0

(iii) Let v > 0 and q € [0,1]. There exist C1,Cy and o, all of them positive and
depending on v and q, such that the following estimates are fulfilled:

e¢]
/ K(t,7,e) e |t — 7]%dr < Cy e 2 Ve € (0], Vt > 0;
0
(iv) Letp € (1,00] and f: [0, 00) — H, f(t) € WHP(0,00; H). Then

(f(t)—/o K(t,7,8)f()dr| < CO) 1|00 0oy (HVED) T, Ve > 0, ¥t > 0,
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Theorem 7.[9] Suppose that f € L,OYO(O,OO;LZ(Q)), u € W«?’OO(O,OO;LZ(Q))
NLL(0,00; V) and A?u e L2>(0,00 : V') is the solution to the problem

{E(U”(t)m) + (' (1), m) + (Au(t), An) = (F(t),n), ¥ €V, a. et €[0,00),
u(0) = ug, '(0) = ur,

then for 0 < e < (47)~! the function

o
/KtT, dr
0

1s solution to the problem
(wé)(t)>77) + (Awo(t)>A77) = (F()(Yf,&) Uh"?)» V77 € ‘/7 a.e. t € [0¢OO)>
Wy = Pe,

where

Fy(t,e) = f0t€u1+/Kth T)dr,
0

fo(t,e) :\/LE[Q eXp{z—z}/\( g) —A(% é)}, (pEZ/eTU(QET)dT.

Moreover, wy € W2>°(0, 0o; L2(Q)) N L

loc loc

(0,00; V).

5 Behaviour of solutions to the problem (F.)

In this section we prove the main results concerning the behavior of the solutions
to the problem (P.) as ¢ — 0 relative to solution to the corresponding unperturbed
problem (FP).

Theorem 8. Let T > 0 and p € [2,00]. Assume that (B1) is fulfilled. If
up € HXQ) NV, uwy € V and f € WIP(0,T; L%(Q)), then there exist constants
C=C(L,T,p,Q2n)>0 and eg = eo(L,p, 2, n) such that

lw = vlloqorrz@) < CM(T)e?, te€(0,T], &€ (0,e), (40)

HU_'UHLOO(O’T;V) <CM(T) z-:ﬂ, te[0,T], €€ (0,¢e0], (41)

where u and v are solutions to the problems (P.) and (Py), respectively,

M(T) = |A%ug| + |[ur]| + [B(uo)| + || fllwno,7;02(0): (42)
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5= 1/2if f =0,
(p—1)/(2p)if f #0.
If, in addition, condition (B2) is fulfilled and ug,u1,a € H*(Q) NV and
f € WP(0,T;L?(Q)), then there exist constants ¢g = eo(L,Lg), g0 € (0,1),
~v=~(L, Lo, L1), C = C(p, L, Lo, L1) such that

' ="+ ae™ 5o 71020 + 10— V' + ae™ 5 20,7520 <

<CMy(T)e'teP, >0, e€ (0,2, (43)

with Mo(T) defined by (10).

Proof. In this section, we agree to denote by C all constants depending on
T,p,Qn, L, Ly and Ly. For every f € WkP(0,T; L*(Q)) then there exists the
extension f : [0,00) — L?(Q) such that

| Fllwen0.00:L2()) < C(T50) [1f llwewo.1:12(2))- (44)

If we denote by ﬁNthe unique solution to the problem (P:), defined on (0, c0)
instead of (0,7) and f instead of f, then, from Theorem 1 and Lemma 1, it follows
that U € W2°°(0,00; L*(2)), U" € L?(0,00; L*(Q)), A*U € L*(0, 00; L*(€2)). Due

to the estimates (24), for U we obtain the following estimates

Js n T HA[THLw(o,t;m(Q))

HC([O,t};LQ(Q <CM(T)e", t>0, eec (0, 5}7 (45)

with M(T) from (42) and ~ from (13).
00 ~
By Theorem 7, the function W defined by W (t) = / K(t,7,p)U(r)dr, is a
0

solution to the problem

(46)

{W’(t) + A2W(t) = F(t,e), ae. t>0, in L%(Q),
W(O) = Pe;

where

Flt,e) :fo(t,s)ul—i—/K(t,T,s) f(T)dT—/K(t,T,s)B(ﬁ(T))dT,
0 0

o
Ve = / e TU(2eT) dr.
0

Denote by R(t,¢) = V (t) — W(t), where V is the solution to the problem (P,) with
f instead of f, T' = oo and W is the solution to the problem (46). Then, due to
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Theorem 2, R(-,¢) € T/Vlifo(o, oo; L2(Q)) N L2(0,00; V) and R is a solution in L?(£2)
to the problem

{ R/(t,e) + A’R(t,e) + B(V(t)) — B(W(t)) = F(t,e), a.e. t>0, (47)

R(0,2) = ug — W(0),

where

Flte) = f(t) - /0 T K(tre) f(r) dr — folt.e)urt

+B(U(t)) — B(W(t)) + /O T k(e [B(ﬁ(T)) - B(ﬁ(t))} dr.  (48)

In what follows, we need the following two Lemmas, which will be proved after
the proof of the estimates (40) and (41).

Lemma 4. Assume the conditions of Theorem 8 are fulfilled. Then there exist
constants C = C(L,Q,n), Cy = Co(L,Q,n) and g9 = o(L,Q2,n) such that following
estimates

U#) — W) <CMT)Y?e0t >0, ee(0,e0, (49)

1T () = W)l osv) < CM(T) 2@t >0, e€(0,50),  (50)

are true with M (T) from (42).

Lemma 5. Assume the conditions of Theorem 8 are fulfilled. Then there exist
constants C = C(L,Q,n), co = co(L,Q,n) and €9 = o(L,Q,n) such that for the
solution to the problem (47) the following estimates

IRl e o, 4; 22(0)) + AR 22(0,4,22(0)) <

< CM(T)e*te®=0/Cr) >0, e (0,2, (51)
R|| oo 0, 120 < C M (T) et e®P=D/CEP) ¢ >0, £ € (0,e0], (52)

are true with M (T) from (42).
From the last two lemmas we deduce that

T = Vlleqog:zz@) < 10 = Wlloqo.g.z2)) + [1Rllcqogz2) <

<CM(T)e%teP, t>0, ee(0,e).

Since u(t) = U(t), v(t) = V(t), for all t € [0,T], then we have
lu(t) —v(t)| = |Ut) - V()| < CM(T)e’, te[0,T], € (0,e) (53)

Concequently, from (53) the estimate (40) follows. Similarly, using (50) and (52),
we obtain the estimate (41).
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Proof of Lemma 4. Using the properties (i), (ii) and (iii) from Lemma 3, the
estimate (45) and the Holder’s inequality, we get

T(t) - W) < / K(t,7.) |0(t) - 0(r)|dr <
0

< [ K(t,7,¢) U'(&)|d¢| dr < C M(T) OOK(t,T,) tevfdg dr <
0/ e\/\ g / E‘/ |

o
/KtT, T —t| [+ €] dr <
0

[e.e]
<CM(T ew/KtT, |T—t\dT—|—/KtT, e)|lr —tle?"Tdr| <
0

< OM(T)e? e 2, >0, ee(0,e)]. (54)

Thus, the estimate (49) is proved.
In the same way, using properties (i), (i) and (iii) from Lemma 3, the estimate
(45) and the Holder’s inequality, we get

|AU(t) - K(t,7,e) |AU(t) — AU(7)| dr <

IN
0\8

§/K(t,7,5)‘/ |Aﬁ’(g)\dg(d7gCM(T)eCQtsl/Q, t>0, € (0,2 (55)

Due to Theorem 5, we have that

1T = Wiz = 1T = Wllpoeom20)) <

< C U = Wl onzz@) + 1AT = AW || oo 0,222

From the last inequality, using (49) and (55), we get (50). Lemma 4 is proved.

Proof of Lemma 5. Proof of the estimate (51). Multiplying scalarly in L?(Q)
the equation (47) by R and using the condition (B1) and Theorem 5 we obtain the
inequality

@\R(tﬁ)\Z +2|AR(te)* < 2|F(t )| [R(t,e)| + 2 L||R(t,€)l| 120 | BRIt )| <
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< 2|F(t,e)||R(t, )| + Co L (|R(t,e)| + |AR(t,€)|) |R(t,e)], t>0,

from which it follows that

d
E|R(zt,s)|2 + |AR(t,e)]> < 2|F(t,e)> + 241 |R(t,e)]?, t>0,

or

d
= [|R(t,g)|2 em2m t] VARt )P e 2t < 2| F(te)Pe 2, £ >0,

with some ;7 depending on L and constant Cj from Theorem 5. Integrating on (0, t)

the last equality, we deduce
|R(t,e)| + [|AR(, &)l L2 (0,402(0)) <

<cC [|R(0,€)| + HJ:(VE)‘L?(O,t;LQ(Q))} ent, vt >0,

(56)

where F(t,¢) is defined by (48). In what follows, we will estimate the right side of

(56). Using (45), we get

fe'e) fe'e) 2eT
|R(0,¢)| < [ eT|UQReT) —uo|dr < [ e [ |U'(¢)|dedr <
/ S

r 1
< COM(T)e / reTdr=CM(T)e, cc (0, 5].
0
Using the property (iv) from Lemma 3 and (44), we deduce

70~ [ Kt.r i@ dr| < Ol €+ VEDEIP <
0

< Clf w2 (€ + Ve)P P i >0, e>o0.
Since 65)\(\/5) < C, VE&>0, then the following estimates

jexp{%}A(@)dﬁﬁCe]oe5/4d§§C€, £>0, >0,
0 0

s

1 /& < /1
/A(i\/;)dfgs/o A(i\/é)dggc/‘e, t>0, >0
0
hold. Consequently

t

fo(&,e)urdé| < Celuy|, t >0, 0.
‘0/ 0ls,€) U1 ‘ gluy >

(59)
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Using (B1), (5) and the estimates (49) and (50), we get the following estimates
|B(U(1)) - BW(t))| <

SL|U(t) = W)l < CM(T)eV/2 et t>0,e€ (0,e).  (60)

Similarly as the estimate (54) was obtained, we get

/ K(t,7,e)|B(U(r)) — B{U®))|dr < CM(T)e2 Y2, t>0, &€ (0,e0)-
0

(61)
Using (58), (59), (60) and (61), from (48) we get

| F(r,e)| < C M(T) eC2teP=D/C2P) >0, £ e (0,g).

Consequently,

t
1/2
(/ \f(T,e)de) < OM(T)eC2teeD/CP) 1 >0, ce(0,5)  (62)
0

From (56), using (57) and (62) we get the estimate (51).
Proof of the estimate (52). From Theorem 3 it follows that
R € WE2(0,V) N WE(0,¢; L*(Q)) and A2R € L2, (0, 00; L*(Q)). Moreover the
function t — (AZ2R(t,¢), R(t,€)) is an absolutely continuous function on [0, 7] for
every T'> 0 and
d

a(AQR(t,E),R(t,E)) = 2(A%R(t,e),R'(t,e)), a.e t>0.

Multiply the equation (47) by A2R(t,e) and then integrate on (0,t) to get

? 12 !AQR(5,5)|2ds:
/

|AR(t,e

t
— |AR(0,2)[* + 2 / (F(s,2) — B(V(s)) + B(W(s)), A2R(s,e)) ds, 1> 0.
0

Therefore,

t
IAR( &) +/ |A%R(s,e)[*ds <
0

t
<|aRO.0] + [ |72 + BT ) - BOWE)]ds, 20
0
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From the last inequality, using (62) and (51), we obtain

|AR(t,e| + [|A*R]|12004:22()) <

< C[|AR©.8)| + 1] 2o sz + LRI 20uszoc@n)| <

<C [|AR(O,5)| + M(T) eCQte(p*U/@p)], t>0, ee€(0,¢).

Using (45), we get

|AR(0,¢)] < / e S |A(U(2¢e5) — ug))|ds <
0
00 2es
g/es / |AU(7)| dr ds < C M(T)e, sgg.
0 0

From (63) and (64) it follows that
|AR(t,e|] < CM(T) eC2teP=D/CP) 450, £ e (0,g).

As, due to Theorem 5, we have that

(63)

(64)

(65)

R Lo 0.6:v) = IRl Lo 0,6:12(02)) < Co [[I1R] oo (0,6:22(0)) + AR Lo 0.:12(0) ) »

then using (51) and (65) we get (52). Lemma 5 is proved.

Proof of the estimate (43). According to Lemma 1, the function Z, defined as

) =U'(t) +ae¥®, a=f(0)—u — A%ug — Blug),
is solution to the problem (27) with
F(t.e) = (1)~ (BO®)) + e A%
and Z satisfies the following estimate
2] [wee 0,622 (0)) + |Zlwree 0,4y + 12l lw22(0,602(0)) <

1
< CM(t), t>0, se(o,ﬂ,

wherein, due to inequality (44), with the same M(¢) from (10).
As Z'(0) = 0, then according to Theorem 7, the function

wi(t) = / K(t,7,2) 5(r) dr,
0
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is solution to the following problem:

{ wi(t) + A%wy(t) = Fi(t,e), a.e t>0, in L*Q),
wl(o) = P1e,

for 0 < € < gy, where

oo [ee]
/K (t,7,¢ /K (t,7,¢ U))/(T) dr+
0 0
+/K(t,7',€) e T/E dr A%a, @15:/6_72(257')d7'.
0

Using the properties (i), (ii) and (iii) from Lemma 3 and the estimate (66) and
proceeding as in the proof of estimate (54), we get

t

|2(t) — wy(t /OO K(t,T¢) —5(T)|dTg7K(t,T,s)(/\z'(s)\ds
0 0

dr <

T

< CMy(T)e2te 2, t>0, ee(0,e0)]. (67)

In the same way, using (66), we obtain the estimate

|2 - leLoo(o,t;HQ(Q)) <CMy(T)e'e"?, 120, &€ (0,2 (68)
Let vi(t) = v/(t), where v is solution to the problem (Py) with f instead of f,
T = 0.
Denote by Ry(t,e) = v1(t) — w1 (¢). Then the function R;(t,¢) is solution to the
problem

{ R (t,e) + A2R1( e) =Fi(te), a.e. t>0, in L)
Rl(O,E) = Rijg= ( ) AQUO — B(ug) — ¥1¢,

where
Fi(t,e K(t,r,e) f'(r)dr + | K(t,7,e)e” /% dr A2a—
o[ x /
+ / h K(t,7,¢) (B(U:)) (1)dr. (69)
0

Due to the conditions of Theorem 8, similarly as the inequality (56) was obtained,
and the estimates (57), (62), we get the inequality

tleo,; m) lz22@) <
|| Ry ] + [|AR, ] <
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< C[\Rm + \|f1(-,e)\L2(07t;L2(m)] Nt V>0, (70)
and the estimates
| Rio| < / e "|Z(2eT) — 2(0)|dr <
0
2eT

< / e T / ‘2;(8” dsdr < CMy(T)e, €€ (0,e0], (71)

J 0
[[F1(s )l L2 0,02 (0)) < € Mo(T) eC2te®=1/C2P) ¢ >0, €€ (0,e). (72)

From (70), using (71) and (72), we get the estimate
|1 R1lleqoaz2 ) + AR z2(0 020y < C Mo(T) et = /@p), (73)

t>0, e€(0,¢0]

Finally, due to (5), from (67), (68) and (73) the estimate (43) follows. Theorem 8
is proved.

Similarly, using Theorems 3 and 4 instead of Theorems 1 and 2 and Lemma 2
instead of Lemma 1, the following theorem is proved.

Theorem 9. Let T > 0 and p € [2,00]. Assume that (B3) is fulfilled. If
ug € HXQ) NV, uwy € V and f € WIP(0,T;L%(Q)), then there exist constants
C=Cm,T,p,Qn)>0 and g9 = eo(m, p,Q,n), such that

Hu - UHC([O,T];LQ(Q)) < CM(T) 516? te [O’T]v €€ (0’50]7 (74)

lu —v|[pervy < CM(T)e?, t€[0,T], €€ (0,e), (75)

where w and v are solutions to the problems (P:) and (Py), respectively,
M(T) = |A%up| + [|us | + | B(uo)| + 1B(uo) " + || fllww o120
1/2if f =0,

(p—1)/(2p) if f #0.

If, in addition, condition (B4) is fulfilled and ug,ui,o € H*(Q) NV and
f € W2%P(0,T;L%(Q)), then there ewist constants g9 = eo(L,Lg), €0 € (0,1),
~v=~(L, Lo, L1), C = C(p, L, Lo, L1) such that

m = |Aug| + [ur] + [Bluo)|'? + fllr20.m:020), 8= {

I’ — v+ ae™ |0, 1:n2 () + U — V' + @ e |20, 712 (0)) <

<CMy(T)e'teP, t>0, ee(0,e) (76)
with My (T) defined by (34).
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6 An Examples

In this section, we present some applications of Theorems 8 and 9, which are
determined by different operators B.
The Lipschitzian case. Let the operator B be one of the following: B(u) = |u|, or
= |Vu|, or B(u) = sinu. In these cases it is easy to check that for the operator B
the conditions (B1) are fulfilled. Consequently, for every 7' > 0 and every p € [2, 00|,
if up € H*(Q) NV, u; € V and f € WH2(0,T; L?(Q2)), then from Theorem 8 the
estimates (40) and (41) follow.
For B(u) = sinu, due to Theorem 6, condition (B2) is fulfilled if 1 < n < 12.
Indeed, for n = 1,2,3,4, Theorem 6 ensures the fulfillment of the condition (B2).
For n > 4, using the Holder’s inequality and Theorem 6, we have that

/| (u1) — B'(un)) o’ da:</|cosu1)—cos(u2)v| de <

Q

<4/‘sm up — u2) /2)1}! da;<C’/|u1—u2||v| dx <

<C</ |U1—u2‘2n/(n74) da:) n— 4)/2n /|v|4"/(”+4 )(n+4)/(2n) _
Q

< Cllur =zl 2@ 1011 L ans/mn gy < Cllur = walliz(o) [[ollf2) 1 5<n <12
Therefore, if ug,u1, a0 € HX(Q) NV and f € W2P(0,T; L*(2)), then the estimate
(43) also holds. It means that

u—v in C([0,T];L*(Q)) N L¥(0,T; H*(Q)), as &— 0. (77)

At the same time, the relation (43) shows that in this case the derivative u' of the
solution to the problem (P.) does not converge to the derivative v" of the solution
to the problem (P). In this case the derivative v’ has a singular behavior in the
neighborhood of the point t = 0 as ¢ — 0. This singular behavior is described by
the function ae~/¢, which is the boundary layer function for u'. If & = 0, then

u' — in CO([0,T); L*(R)), as e —0. (78)

The monotone case. Let B : D(B) = L*(Q) N L2¢tD)(Q) — L?(Q),
B(u) =blu|?u, b > 0.

Then the operator B is the Fréchet derivative of the convex and positive func-
tional B, defined as follows

D(B) = L2(Q) N L*(Q), q+2/\u )92 da

and the Fréchet derivative of the operator B is defined by the relations

D(B'(v)) ={ve L*(Q) :ulve L*(Q)}, B'(wv=>b(g+1)ullv.
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In what follows, to check the fulfillment of the condition (B3) for the operator B
we apply Theorem 6.

If n >4 and g € [0,4/(n—4)], then using the Holder’s inequality and Theorem 6,
we get

2
1Bur — Buslfiagy =¥ [ [Jur(a)fur (@) — ua(o) s (o) <

Ca.b) [ fun@) = @) (Jun @) + us(w)]**) d <
Q

< Clg, W)t = wlZaimsy qy (112 + 12l B yagy) <

< Clg, b, s — sl Bpogey (1111 oy + 123y ) w1, w2 €Ve (79)

Similarly, using the Hoélder’s inequality and Theorem 6, it is not difficult to prove
the estimate (79) in the case g € [0, 0] for n = 1,2, 3,4.
Thus, if
b >0,
g€ [0,4/(n—4)], if n>4, (80)
g€ 0,00, if n=1,234

then the operator B verifies condition (B3).

Finally, if ug € H*(Q) NV, u; € V and f € WHP(0,T; L?(Q2)) and conditions
(80) are met, then, by virtue of Theorem 9, the estimates (74) and (75) and hence
the relations (77) and are also valid.

If n >4 and g € [1,4/(n — 4)], then, according to Theorem 6, we have

(B (w) = Bw)elagy = #a+ 1 [ [lia(@ = (o)l fo(@)P da <

< Cla.t) [ fur(e) = @) @PO + @) PO ) o) d <

< C(g,b) HUHim/(n%) Q) lJur — U2H%2n/(nf(nf4>q> @) %

2 1)
(H’LL1HL2”/(2 4)(9 + HUZHL(gqn/n 4)(Q)) S

< C(n,,0,2,0) llur — sl s g 1ol Bz (113 + sl BiEq))- (81)

Involving the Hoélder’s inequality and Theorem 6, we get the inequality (81) in the
cases n = 1,2,3,4 and q > 1. Therefore, if

b> 0,
gel,4/(n—4)] if n>4,
g€ [l,00 if n=1,2,34,
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then the operator B verifies the condition (B4). Therefore, if ug, u1, € H*(Q) NV
and f € W2P(0,T; L?(12)), then the estimate (76) is fulfilled. Also, as in the Lips-
chitzian case, this relationship shows that the derivative u’ of solution to the problem
(P:) does not converge to the derivative v" of solution to the problem (Py). In this
case the derivative v’ has a singular behavior in the neighborhood of the point t = 0
as € — 0. This singular behavior is described by the function ae~%/¢, which is the
boundary layer function for u’. If « = 0, then as in the Lipschitzian case the relation
(78) is true.
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