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Convergence estimates for some abstract second
order differential equations in Hilbert spaces
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Abstract

In a real Hilbert space H we consider the following perturbed
Cauchy problem

eugs(t) + 0 ugs(t) + Aucs(t) + B(ues (t) = f(2),t € (0,T),
ues(0) = wo,  uls(0) = u,

(P € )
where ug,u; € H, f:]0,T] — H and ¢, ¢ are two small param-
eters, A is a linear self-adjoint operator, B is a locally Lipschitz
and monotone operator.

We study the behavior of solutions us to the problem (P.s)
in two different cases:
(1) when e — 0 and § > dp > 0;
(#4) when € — 0 and 6 — 0.
We establish that the solution to the unperturbed problem has
a singular behavior, relative to the parameters, in the neighbor-
hood of t = 0. We show the boundary layer and boundary layer
function in both cases.
Keywords: Singular perturbation; abstract second order
Cauchy problem; boundary layer function; a priori estimate.

Let H and V' be two real Hilbert spaces endowed with norms | - |
and || - ||, respectively. Denote by (-,-) the scalar product in H.

The framework of our studying is determined by the following con-
ditions:
(H) V C H densely and continuously, i.e.

llul| > wolul, YueV, wy>0.

(©2019 by Andrei Perjan, Galina Rusu

130



A. Perjan, G. Rusu

(HA) A: D(A) =V — H is a linear, self-adjoint and positive definite
operator, 1i.e.

(Au,u) > wlul?>, YueV, w>D0.

(HB1) Operator B : D(B) C H — H is AY? locally Lipschitz, i. e.
D(AY?) € D(B) and for every R > 0 there exists L(R) > 0 such that

|B(u1) — B(ug)| < L(R)|AY?(uy — ug)|, Yu; € D(AY?),|AY?u,| < R;

(HB2) Operator B is the Fréchet derivative of some convezx and posi-
tive functional B with D(AY?) ¢ D(B).

(HB3) Operator B possesses the Fréchet derivative B' in D(AY?)
and there exists constant Li(R) > 0 such that

|(B'(u1)—B’(u2))v| < L1 (R) |AY*(u1—u2)| [AV?v], Vu;, v € D(AY?),

|AY2u| <R, i=1,2.

The hypothesis (HB2) implies, in particular, that operator B is mono-
tone and verifies condition

©B(u(t) = (Bu(n), (1), Ve[t CR

in the case when u € C([a,b], D(AY?)) N CY([a,b], H).
Consider the following perturbed Cauchy problem

euls(t) + 0uls(t) + Aucs(t) + Blues(t)) = f(t),t € (0,T),
{ (Psé)

ue5(0) = ug,  uls(0) = uy,
where ug,u; € H, f:[0,T] — H and ¢, ¢ are two small parameters.
We study the behavior of solutions u.s to the problem (P.s5) in two

different cases:
(1) e = 0and § > dy > 0, relative to the following unperturbed system:

{%w+Auw+MMM—f@,te@T»

15(0) = uo, (Fs)
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(ii) e — 0 and 6 — 0, relative to the following unperturbed problem:
Av(t) + B(v(t)) = f(t), t€0,T). (Po)

The problem (P.5) is the abstract model of singularly perturbed
problems of hyperbolic-parabolic type in the case (i) and of hyperbolic-
parabolic-elliptic type in the case (ii). Such kind of problems arises
in the mathematical modeling of elasto-plasticity phenomena. These
abstract results can be applied to singularly perturbed problems
of hyperbolic-parabolic-elliptic type with stationary part defined by
strongly elliptic operators.

For the case § > Jp > 0, in conditions (H), (HA), (HB1),
(HB2) and (HB3), using results obtained in [1], we obtain some a
priori estimates of solutions to the perturbed problem, which are uni-
form with respect to parameters, and get the relationship between the
solutions to the problems (P.s) and (Ps) emphasised in the following
inequalities

|ues — lsllcqorpmy + A 2ues — AY21s| 2oy < C'€P,

52 _ 52
||U/65—lg+H556 0 t/€||C([0,T} 7H)"_‘ ‘A1/2 (u;5—lg+H€5€ 0 t/e) ‘ ‘LQ(O,T;H) <

< Celvee (0,e0], 7> 0,p > 1,

where u.s and l5 are strong solutions to problems (P.s5) and (Ps) respec-
tivelYﬂ o = EO(WO,W,T, 607”07”17 f) € (07 ]-)7 /8 = mln{]‘/47 (p_ 1)/2p})
C= C(Tapa 507 wo, W, Uup, U1, H657 f) > 07

H.5=06"1f(0) —uy — 0~ Aug — 671 B(up).

For the case ¢ — 0,6 — 0, in conditions (H), (HA), (HB1) and
(HB2), in [2] we established the relationship between the solutions to
the problems (P.s) and (Ps) emphasised in the following inequality

||u€5 — U — h6||C([O,T];H) < C@(é, (5), Ve € (0,50], Vo € (0, 1],
where u.s5 and v are strong solutions to problems (P.s5) and (FP) respec-

tively, eg = eo(wo,w, T, do, ug, u1, f) € (0,1), 5 =min{1/4, (p—1)/2p},
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C = C(T,p,wp,w,ug,ur, f) > 0, the function hs is the solution to the
problem

{5hg(t) + Ahs(t) + B(ls(t)) — B(v(t)) =0, te (0,T),
hs(0) = ug — (A+ B)~'£(0),

J1/4

From the last three inequalities we can state that the solution to
the unperturbed problem has a singular behavior, relative to the pa-
rameters, in the neighborhood of ¢ = 0 in both cases.
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