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The Schauder basis in symmetrically normed ideals
of operators
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Abstract. In this paper we build a basis in a separable symmetrically normed ideal.
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It is well known that every Banach space with Shauder basis is separable. Con-
verse proposition, as P.Enflo showed in 1973 [1] is not true. In the present work
the problem of the existence of a Schauder basis in separable symmetrically normed
ideals is considered. It is found that all such ideals have a basis. For particular case,
symmetrically normed Lorentz ideals T, 4, a basis was built in [2].

The terminology of the article is based on [3].

Theorem. Let {¢;}52, be an orthonormal basis in a Hilbert space H. A sequence
of linear continuous operators {An}22, of the form

A, = d G ome)dy, 1<j<m+1
m2+j (',¢2m+2—j)¢m+17 m+1<j<2m+1"’

forms a basis in every symmetrically normed ideal.

m=20,1,...

Proof. Let T be a separable symmetrically normed ideal. Since the ideal T is sepa-
rable there is a symmetrically normed function ®(z) so that T = TEI?). For every op-

erator A € TEI?) we can write the Schmidt representation: A =377, s;(A)(-, 2;)y;-
For every € > 0 we can choose ng € N such that |[A — A,,|| < €/2, where
Any = 233%85(A)(2)yj. For every 0 < 6 < 1 and Vj € N there are
uj,vj € span{d;}32; such as |[lz; — ujl| < 4,[ly; — vil| < 8. We have
G z)ys = Cug)vjlle <Gz —ug)yjlle + 105 ui) (v — yj)lle < 36.

If we take § = 5= and By, = > 52185 (A)(ug)vy € span{An}p2, we get
that | 4u — Bugll < /2. Thus 1A — Blle < 14 — Anglle + [[Any — Buolle <
Hence, A € span{A,}5° ,, in other words, the sequence {A,}2°; is complete in Y.
We show that the sequence {4, }5° ; is minimal. To prove that it is sufficient to
show that this system has a biorthogonal one.

" 0

Define F 2. ; = sp(XAm2+j), where X € TED), sp(A) = Z‘;‘;l(Aqu,qu) and

{#;}52, is a basis in H.

It is easy to note that F,2_; is a linear bounded operator on T

EI?) and

1, m=nrj=s

Fin2yj = sp(XApayg) = { 0, m*+j#r’+s’
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It follows that {F),2,} and {A,,2;} are a biorthogonal system.
We consider the sequence of projectors {3,,}5° ; of the form

ZF )A; B2 (A ZZsp S Ok)05) (4 5) Pk =

k=1 j=1

ZZ A, bk)(+, 05) ok = P APm,

k=1 j=1
where Pz = 3700 (2,0)§)¢;, + = 372, (z,¢;)¢; and ||Py|| = 1. We therefore
have ||B,,2(A)|| = ||PnAPnlle < ||A||le Hence, ||B,2]] < 1. Let 1 < j < m—+ 1.

Then we have

Bz 45(A) = PnAPp, +Zsp 5 0 )Pmi1) (- Sm1)dr = P AP+
r=1

J
+ Z(A¢m+la ¢r)(’a ¢m+1)¢7’ = Pn APy + PjA(Pm—i-l - Pm)'
r=1

So, || P24, (A)]] < 3|[Alle, VA € Tg]). Let m +2 < j <2m + 1. Then we have

2m-+1—j
mm2+j(f4) — Pm+1APm+1 - Z Sp(A('7 ¢7‘)¢m+1)('7 ¢m+1)¢r -
r=1
= m—l—lAPm—i-l - P2m+1—jA(Pm+l - Pm)

0
S0, [[Byma; (A)]] < 3| Alla, VA€ T,
Thus, ||Br|] < 3 (n = 1,2...). By criterion of basis in the Banach space [4], we
obtain that {A,}2° is a basis of the Banach space T.
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