Matematicd Seria , Stiinte exacte si economice” ISSN 1857-2073

CUBIC DIFFERENTIAL SYSTEMS WITH SIX REAL INVARIANT STRAIGHT
LINES ALONG TWO DIRECTIONS

Vitalie PUTUNTICA, Alexandru SUBA
Catedra Analiza Matematica gi Ecuatii Diferentiale

Sunt clasificate sistemele cubice cu exact gsase drepte invariante de doud directii tindndu-se cont la enumerare
de gradul lor de invarianta. Se arata cd, din punct de vedere topologic, sunt 11 clase distincte de astfel de sisteme.

Pentru fiecare dintre aceste clase este construit pe discul Poincaré portretul fazic.
Mathematics Subject Classification: 34C05.
Key words and phrases: Cubic differential system, invariant line.

1 Introduction

We consider the real polynomial system of differential equations

dx dy
E_P(may)v a _Q(mvy)7 (1)
where P, Q € R[z,y], and the polynomial vector field
0 0
X = P(z,y)— 7 2
(@) 5+ Q(x,y)ay (2)

corresponding to system (1).
Denote n = max{deg(P), deg(Q)}. If n =2 (n = 3) then system (1) is called quadratic (cubic).
The function f : D C R? — C, f # const, is said to be an elementary invariant (or a Darbouz
invariant) for (2) if there exists a polynomial Ky € Clz,y], deg(K¢) < n — 1 such that the identity

X(f) = flz,y)Kg(z,y)

holds. The polynomial K is called the cofactor of f. Denote by Ix the set of all elementary invariants
of (2)7 I, = {f € C[xvy] ‘ f € IX}v I = {el’p(%) |g7h S (C[CC,yL GCD(.th) =1, exp(%) € IX} The
elements from I, (I.) are called algebraic invariants (exponential invariants) of (2). In [1] it is shown
that if f = exp(g/h) € I, h # const, then h € I, and X(f) = gK}, + hKj.

Let f € Clz,y] and f = f{"*--- fI' be its factorization in irreducible factors over Clz,y|. Then
f €1, if and only if f; € I,,j = 1,s. Moreover, Ky = miKy +---+nsKy. If fj € [,UIL, \j €
C,j=T1,s, then f* ... f € Ix.

We will say that an algebraic invariant f € I, has the degree of invariance equal to m, if m is
the greatest positive integer such that f™ divides X(f). For invariant straight lines axz + by + ¢ =
0, ax + by + ¢ € I, such a definition was brought in [2]. If f € I, has the degree of invariance equal
to m > 2, then exp(1/f),...,exp(1/f™ 1) € I..

We say that the system (1) is Darboux integrable if there exists a non-constant function of the form

F= (3)

where f; € I,|JI. and A\j € C, j =1, s, such that either f = const is a first integral (i.e. Ky =0) or
[ is an integrating factor (i.e. K; = —%—5 - %—2) for (1). It can be shown that (3) is a first integral
(an integrating factor) for (1) if and only if

MEp (2,y) 4+ A Ky (2,y) = 0 P
WA ) 14 M) = - — ).
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The purpose of this paper is to present the begining of qualitative investigation of the cubic system
with six invariant straight lines.

Although the straight lines are the most simple representatives in the class of algebraic curves, the
study of the differential equations with invariant straight lines is far from completion. It has attracted
the attention of many researches and at present there are a lot of papers devoted to this subject. So,
in [3-7] for different classes of polynomial systems conditions for the existence of invariant straight
lines are obtained.

A set of invariant straight lines can be infinite, finite or empty. Systems with infinite number of
invariant straight lines will not be considered.

In papers [8-14] the estimation for the number of invariant straight lines is given. Denote by a(n)
the maximum number of the invariant straight lines and by f(n) the maximum number of slopes of
this lines in the class of n-polynomial differential systems. In [8] it is shown that a(2) = 5; in [9,10] -
(3) = 8 in [10,11,12] - al(4) = 9; in [13] - (5) = 14 and that 2n+1+ =G < a(n) <3n—1,n > 5;
in [14] - (3) =6,8(4) =9 and in [15] - B(n) = a(n —1) + 1.

The problem of coexistence of invariant straight lines and limit cycles were investigated in [16-25].
As follows from [16-21], a quadratic system with at least two invariant straight lines has no limit cycles
and with one invariant straight line can have at most one limit cycle. A cubic system with at least
five real invariant straight lines has no limit cycles [21,22]. The same system with four real or with
two real and two complex conjugate invariant straight lines can have at most one limit cycle [23-25].
A cubic system with four complex conjugate invariant straight lines can have two limit cycles [25],
examples with more than two limit cycles are not known.

The problem of the center for cubic differential systems with four and three invariant straight lines
is investigated in [2,26-29]. According to [2] ([26-29]) the cubic differential system with a weak focus
at (0,0) and at least four (three) invariant straight lines has a center at the origin of coordinates if
and only if the first two (seven) focal values vanish.

A qualitative investigation of cubic systems with exactly eight and exactly seven invariant straight
lines was carried out in [9,30,31]. In this paper a similar qualitative investigation is done for cubic
differential systems with exactly six real invariant straight lines along two directions.

The main obtained results are shown in the following theorem:

Theorem. Any cubic system having real invariant straight lines along two directions with total
degree of invariance siz via affine transformation and time rescaling can be written as one of the
following eight systems. In the figure associated to each system is presented the phase portrait in the
Poincaré disc.

t=z(z+1)(z—a),a>0,
y=PByly+1)(y—>b), b>0, Fig.1(p < 0), (4)
BB =1 +1b—a)(|8 —a®| +|b—5]) #0, Fig.2(8 > 0);

i =2%(r+ 1), Fig.3(8 < 0), (5)
y = Py(y+1)(y —b), b|3| >0, Fig.4(f > 0);

X T, (7)
y=yly+1)(y—>), b>0, Fig.6;

Fig.7(8 < 0),

T = 1‘3,
{ y=—yly+1)(y—0b), b>0, Fig.5: (6)
{ ’)’ B(B—1) #0, Fig.8(8 > 0);



Matematicd Seria , Stiinte exacte si economice” ISSN 1857-2073

& =23
. ’ 9
{ y=—-y*(y+1) Fig.9 ©)
i =z3
’ . 1
{ v=1y*(y+1) Fig.10; (10)
= a3,
{ g = —1°. Fig.11. (11)
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2 Preliminaries
We consider the real cubic differential system

dx 5 dy
Ezzpr(may)a E :ZQT(m7y)? (12)

where Pr(z,y) = > aj2’y’, Qq(z,y) = > bja’y'. Assume that the members from the right-
JjHl=r jHl=r

hand side of system (12) have not a non-constant common factor.

We mention here some properties of system (12):

a) in the finite part of the phase plane system (12) has at most nine singular points;

b) at infinity the system (12) has at most four singular points if yPs(x,y) — xQ3(z,y) # 0. In case
yPs(x,y) — xQs(x,y) = 0 the infinity is degenerate, i.e. consists only from singular points;

c) the system (12) has in the finite part of the plane not more than eight invariant straight lines;

d) the infinite line represents an invariant straight line for (12);

e) the system (12) has invariant straight lines along at most six different directions;

f) the system (12) cannot have more than three parallel invariant straight lines.

Let ajx +bjy +¢; = 0,5 = 1,2, aiba — agb; # 0 be two real invariant straight lines of system
(12). The transformation x1 = a1z + b1y + c1, y1 = asx + boy + c2 reduces (12) to a system of the

8
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Lotka-Volterra form (we keep the old notations for variables)

{ = x(ao + ag0x + a11y + azor? + a21xy + a12y2), (13)

¥ = y(bo1 + b112 + booy + ba1x? + biaxy + bozy?).

The property f) says that every cubic system with at least four real invariant straight lines can be
written in the form (13).

A straight line y = Ax + B, A # 0 is invariant for system (13) if and only if A and B are the
solutions of the system:

B(bo1 + boe B + bo3 B?) = 0,

b11 B + b1aB? + [bor — a1 + (2bo2 — a11) B + (3bos — a12)B?] - A = 0,

ba1 B + [b11 — ago + (2b12 — a21)B] - A + [bo2 — a11 + (3boz — 2a12)B] - A? = 0, (14)
ba1 — azo + (bi2 — a21) - A+ (bos — ar2) - A2 = 0.

The cofactor of this line is
K(z,y) = coo + c10m + cory + c202” + ci1zy + cozy’,
where
coo = bo1 + bo2 B + bo3 B2, c10 = by + b2 B + (boz — a11)A + (2bos — a12)AB, co1 = boz + bos B,

o0 = ba1 + (biz — ag1)A + (bog — a12) A%, c11 = bia + (boz — a12) A, co2 = bo3.

3 Canonical forms and Darboux integrability

There are the following configurations of six invariant straight along two directions:
1)(3,3), Fig.12a); 2)(3(2),3), Flig.12b); 3)(3(3),3), Fig.12c);

4) (3(2),3(2)), Fig.12d); 5)(3(3),3(2)), Fig.12¢); 6)(3(3),3(3)), Fig. 12f).

(

Notation (3(2), 3) means that along of one direction there are two distinct straight lines from which
one is double (i.e. has degree of invariance equal to two), and along of the second direction there are
three distinct invariant straight lines; (3(3),3(2)) means that along of one direction the differential
system has one triple invariant straight line, and along of the second direction there are two distinct
invariant straight lines from which one is double and so on.

If an invariant straight line has multiplicity m > 1, then the number m appears near the corres-
ponding straight line and this line is more thick.

2 3 2 3 3

) b) ©) d) e P
Fig.12
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The cubic systems that realize configurations 1) — 6) via affine transformations and time rescaling
can be written in the following form, respectively:

{ ;;;z(/g(:;Jrl)() (y — lz) Z;(()):ﬂ £ 0; (15)
{Z/::gz((zil))(y b), b>0,8+#0 (16)
{5:227(y+1)( —b), b>0,8%#0; (17)
{020, as w

{ Zgj:;;(erl), B #0; (19)
{ji;Z,B#O (20)

The systems (15)-(20) are Darboux integrable and have respectively first integrals:
[xl/a(x + 1)71/(a+1) (x _ a)71/(a(a+1))]5b(b+1)y7b71(y + 1)b(y _ b) =C;

[w(z + 1) reap(1/2)) Dy y + 1)y - b) = C;
y 20 (y + 1) (y — b)2exp(Bb(b + 1) /2?) = C;
z M@+ 1)%y(y + 1) eap(=B/w)exp(1/y) = C;

y 2y + 1)%eap(B/a?)eap(=2/y) = C;

2y (By? o) = C.

To emphasize the cases when (15)-(20) contain more than six invariant straight lines we use the
algebraic systems of equation (14). Thus, writing system (14) in condition (15) and solving it for A
and B, we obtain that (15) has exactly seven invariant straight lines if and only if one of the following

two series of conditions hold 3 —1=b—a=0,a# 1 and 8 —a? =b— £, a # 1, that is, when (15)
has one of the forms:

z=z(x+1)(x — a),

{ y=yly+1)(y—a),a>0a#1; (21)
& =az(z+1)(z - a),

{y'zay(y+1)(y—i),a>0,a;é1. (22)

For (21) ((22)) the invariant straight lines [; =0, j = 1,7 are

h=z,lo=x+lls=z—a b=y lb=y+Lls=y—als=y—2), lr=y—z(ly =y+ +x).

10
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We mention that system (22) can be reduced to system (21) by substitution z — x, y — —y/a.
The system (15) has eight invariant straight lines if and only if 5 = a = b = 1, that is when it has

the form
{ t=z(z+1)(x—1),
g=yly+1)y—1).
The invariant straight lines are:

h=xzlbzg=acxl,ls=ylsg=yxl lrg=yxmx.

Now it becomes clear why in (4) the condition (|8 — 1|+ [b—al)(|8 — a®|+ [b— £|) # 0 is imposed.

The equalities (14) show us that systems (16)—(19) cannot have eight invariant straight lines and
systems (16), (17), (19) and (20) cannot have exactly seven invariant straight lines.

The system (18) has exactly seven invariant straight lines if and only if 5 =1, i.e.

{ i =a%(x+1),
J=y"(y+1).

The invariant straight lines are
h=lb=z, =2+ lu=l=y lsg=y+1,lr=y—x

The system (20) has eight invariant straight lines if and only if 5 > 0. In this case substitutions
x — /Br, y — y,t — t/B reduce (20) to a system

i =a% §=y
with li23 = x, luse = y, lrg = y £ x. If § < 0, then substitutions © — /—fz,y — y, t — —t/8
reduce (20) to a system (11).
By the some substitutions the system (17) can be reduced to one of systems (6), (7).

4 The phase portraits

We denote by SP — singular points; A; and A the eigenvalues of SP; S — saddle (A A2 < 0), T'S
— topological saddle; N° — stable node (A1, A2 < 0), N* — unstable node (A;, Ao > 0), DN*®) —
stable (unstable) dicritical node (A\; = Ay # 0), TN*(*) — stable (unstable) topological node; S-N*(*)
— saddle-node with stable (unstable) parabolic sector; P*(®) — stable (unstable) parabolic sector; H
— hyperbolic sector.

4.1 Infinity

In case of systems (7) and (10) ((6), (9) and (11)) it is convenient to consider 8 = 1 (respectively
B = —1). Then systems (4)—(11) for which 5 < 0 have at the infinity only two real singular points,
and for 8 > 0 have four such points. Singular points, with eigenvalues and their type are given in
Tab.1.

Tab.1
SP AL Ag 5<0 5>0
(1,0,0) —1; -1 DN? DN?
(07170) _/8; _ﬂ DNY DN?*
_ 1 —1: —_
(1, i/B,O) 1; 2 S
(1,ﬁ,0) —1; 2 — S
Fig.13a) | Fig.13b)

11
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DN

u

DN

a)

Fig.13 a) for § <0, b) for g > 0.

4.2 System (4)

For system (4) the results of qualitative investigation of singular points in the finite part of the
phase plane are given in Tab.2.

Tab.2

SP A1 Ao 6<0 >0
(0,0) —a. —pb S N®
(0,b) —a; Bb(b+1) N*® S
(—1,b) a+1; fb(b+1) S N
(—1,0) a+1; —pb N¥ S
(—1,-1) at 1, B0+1) S N©
(0,-1) —a; B(b+1) N*# S
(a,—1) ala+1); B(b+1) S N
(a,0) ala+1); —pb NY S
(a,b) a(a+1); Bb(b+ 1) S N

Fig.1 Fig.2

4.3 System (5)

For system (5) the results of qualitative investigation of singular points in the finite part of the
phase plane are given in Tab.3.

Tab.3

12
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To establish the type of singular points with A; = 0 we used the theorem 2, p.87 from [32].

4.4 Systems (6) and (7)

For system (6) ((7)) we have Tab.4.

SP AL A2 8<0 8>0
(0,0) 0; —3b S-N* S-N*®
(0,b) 0; Bb(b+ 1) S-N* S-N“
(—1,b) 1; Bb(b+1) S NY
(—1,0) 1; —5b NY S

(—1,-1) 1; B(b+1) S NY
(0,-1) 0; B(b+1) S-N* S-N*
Fig.3 Fig4

ISSN 1857-2073

Tab.4
SP )\1; A2 (6)7 ﬁ =—1 (7)7/8 =1
(0,0) 0; —fb TN TS
(0,0) 0; Bb(b + 1) TS TNU
(0,—1) 0; B(b+1) TS TN
Fig.5 Fig.6
4.5 System (8):
Tab.5
SP A1; A 8<0 5>0 SP A X | B<0 ]8>0
(0,0) | 0,0 | HP°HPY | P*HP°H || (—1,-1) | 1,8 S Nt
(—1,0)| 1,0 S-NU SN (0,—-1) | 0;8 | S-N® | S-N*®
B <0: Fig.T; 8 >0:Fig.8

For system (8) a singular point (0,0) has both eigenvalues null. To determine the behavior of
trajectories in the neighborhood of (0,0), we write (8) in the polar coordinates = = pcos,y = psind:

49 — sinfcosh(Bpsin?0 — pcos?0 + Bsind — cosh),

{ % = p(pcost + Bpsind + cos®0 + Bsin0),

dr —

(23)

where 7 = pt. System (23) has the following singular points with the first coordinate p equal to zero
and the second one belonging to [0, 27]: M;(0,0), M2(0,7), M3(0,7/2), Ms(0,37/2), M5(O,arctcm%)
and Mg(0, 7 + arctan%). For M; and Ms we have A\ o = %1; for M3 and My: Ao = £0; for Ms:

AL =X = B/v/1+ B2 and for Mg: Ay = Ay = —3/+/1 + 82 (Fig.14,15).

13
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Fig.14 (5 <0)

PS

@fﬁ

Fig.15 (8 > 0)

4.6 Systems (9) and (10) (Fig.9, 10)

We consider the system (19) in which 8 = —1 or § = 1. This system is symmetric with respect
to the y-axis. It has singular points (0,0) and (0, —1). Using theorem 2, p.87 from [32] it is easily
determined that (0,—1) is a saddle if 5 < 0 and it is an unstable nod if § > 0. To establish the
behavior of trajectories in the neighborhood of singular point (0,0) of (19) we consider z > 0 and
make the substitution X = 22,y = y:

X =2X% §=py"(y+1), X >0. (24)

In polar coordinates X = pcost), y = psind, —5 < 0 <
in the form

< 3, 7 = [t the system (24) we can be writen

dp = p(Bpsintf + Bsin30 + 2cos>0),
% = sinfcosh(Bpsin?0 + Bsind — 2cosb).

The singular point (0, 0) has the eigenvalues A o = +2; (0, —7/2) and (0, 7/2): A2 = £0; (0, :l:arctcm%):
— 28
)\172 = \/AT (Fzg 16)

14
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Fig.16 a) for 5 <0, b) for 5 >0

4.7 System (11)

The given system is symmetric with respect to the origin of coordinates. In polar coordinates it
can be written as p = p3c0s26, 6 = —3p*sin20 and has the first integral psin20 = C. (Fig.(11)).
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